Introduction
In 1969, Siegel ([13] ) constructed modular forms from arithmetic of totally real number fields as follows. Siegel's construction is based on the simple observation that a Hilbert modular form becomes an elliptic modular form when restricting diagonally to the upper half plane. Indeed, Hecke constructed and proved in 1924 ( [7] ) that (1.1) E k (τ ) = ζ F (1−k)+2 In fact, Hecke also give similar construction for odd k together with some ideal class character as long as there are no obvious cancellations. (mτ + n)(m τ + n )|mτ + n| 2s |m τ + n | 2s
is a (non-holomorphic) Hilbert modular form of weight 1 for SL 2 (O F ), and is holomorphic at s = 0. So E 1,χ (τ, τ , 0) is a holomorphic Hilbert modular form of weight 1. He further computed the Fourier expansion of this holomorphic modular form, which is very similar to (1.1). Unfortunately, he messed up a sign in the calculation, and it turns out that E 1,χ (τ, τ , 0) ≡ 0 identically. It should be mentioned that Gross and Zagier took advantage of this fact to compute its central derivative at s = 0 and use it to compute the factorization of the singular moduli ( [5] ). Hecke was unfortunate in another sense. If Hecke had used a quartic totally real field or injected some ramification in his example, he would have produced honest Hilbert modular forms of weight 1. This is one of the main purpose of this paper. Indeed, we will prove in Section 3 the following theorem, after local preparation in Section 2. 
)e(trtτ ).
Here tr(tτ ) = i σ i (t)τ i for the real embeddings {σ 1 
and
Following Siegel ( [13] ) and restricting the function diagonally to (τ, · · · , τ ), one obtains 
is a holomorphic elliptic modular form of weight d, level N , and Nebentypus characterχ. Here N > 0 is given by
Finally,
).
We gave two formulae for (α, N ) in Theorem 1.2 on purpose. From the second formula, it is clear (α, N ) = ±1, so the first formula implies (2) One can use it to construct a lot of (infinitely many, in fact) holomorphic modular forms of some fixed weight, level, and quadratic Nebentypus character.
(3) Since the space of holomorphic modular forms of a fixed weight, level, and Nebentypus character is finite, the infinitely many modular forms constructed in (2) have to have some relations. They should be reflected on the arithmetic of the chosen number fields.
We don't address these applications fully in this paper. Instead, we focus on some interesting examples in Sections 4 and 5. Section 4 deals with unramified extensions and Section 5 deals with real quadratic fields and its totally imaginary quadratic extensions, both biquadratic and non-biquadratic. It turns out that biquadratic and non-biquadratic fields have slightly different flavors (see for example Corollaries 5.5 and 5.8). We record two simple examples here to give the reader a flavor and refer to these two sections for other examples. Notice that both examples are slight variants of Hecke's original example. 
and the ratio
is independent of F or K, and is non-zero.
is independent of F or K, and is non-zero. 
So every prime p|N splits in F and every prime of F above N is inert in K. Let N be an integral ideal of F with odd number of prime factors
is a holomorphic (elliptic) modular form of weight 2 for Γ 0 (N ) with trivial Nebentypus character, where
The case (α, N ) = −1 is even more interesting as first demonstrated by Gross and Zagier ( [5] , [6] , see also [9] and [16] ). In ( [3] ), Bruinier and the author will compute the central derivative in one of the special case (see Theorem 5.7) when (α, N ) = −1, and use it to generalize the work of Gross and Zagier on singular moduli ( [5] ) to a family of Hilbert modular form (the Borcherds forms on a Hilbert modular surface) valued a CM 0-cycle associated to a non-biquadratic quartic field.
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Notation Let F be a totally real number field, and let ψ = ψ Q •tr F/Q be the additive character of F used in this paper, where ψ Q is the 'canonical' additive character of Q A such that ψ R (x) = e(x). Let K = F ( √ ∆) be a totally imaginary quadratic extension of F , and let χ = (∆, ) A be the quadratic Hecke character of F associated to K/F .
Let ∂ F and ∂ K/F be the different of F and relative different of K/F respectively, and let
is absolutely convergent when Re(s) >> 0 and has a meromorphic continuation to the whole complex s-plane with finitely many poles and is holomorphic on the unitary line Re(s) = 0. Moreover, it satisfies a functional equation
where
is an intertwining operator from I(s, χ) to I(−s, χ), The Eisenstein series E(g, s, Φ) has the Fourier expansion
Here db is the Haar measure on F v with respect to the character ψ v . The constant term
We normalize
Here 
Local results
In this section, we extend the local results of [10] to a general p-adic local field, which is needed in the proof of Theorem 1.2 and should be of independent interest. In this section, F stands for a finite field extension of Q p with ring of integers O F and a uniformizer . Let K be a quadratic extension of F , including F ⊕ F . Let χ be the quadratic character of F * associated to K/F and let ψ be an unramified additive character of F in the sense
, and the map
, and let Φ α ∈ I(s, χ) be the standard sections such that
depend on the choice of ψ. In fact, The section Φ α with respect to βψ is the same as Φ αβ with respect to ψ. Then the following is well-known and is easy to check.
and only if K/F is inert and ord F t is odd. In such a case,
Here n
Proof. We first recall a general fact about Weil representation, which holds for any quadratic extension
and d ψ y is the self-dual Haar measure on K with respect to (x, y)
K dy where vol(O K , dy) = 1. Since the matrix of V α with respect to the basis {1, √ ∆} is diag(α, −α∆), one has
Recall also that Φ
Here d α y = | |dy is the Haar measure on V α self-dual with respect to the bi-character (
This proves (1). Next, for b / ∈ O F , one has
,
Since χ is unramified and χ( ) = −1, one has
) is similar and left to the reader. This proves (2) . (3) follows from (2) easily. To prove (4) 
.
There is not much difference between V ± , so we use V α and Φ α and so on with α ∈ O * F . Proposition 2.3. Assume that K/F is ramified, and let the notation be as above.
(2) Its Whittaker function with respect to ψ satisfies
Proof. This is basically Proposition 2.7 of [10] when p = 2. Notice that 
This proves the first claim of (1) and that Φ α is an eigenfunction of
by the above calculation. When 0 < n = ord F c < f , one has n − (c) = −wn(−c)w, and thus , which is a compact group. So there is a constant C > 0 such that
This proves (1).
)) for b / ∈ O F , and
Here we have used the fact that Φ α (n
where (χ, ψ) is the Tate's root number. So
with k = ord t ≥ 0. In summary, we have proved for 
The formula for W * t (w, s, Φ α ) can be proved similarly. For the purpose of proving (3), we also need to compute W t (n − (c), s, Φ α ) when 0 < n = ord F c < f . Similar calculation gives (2.10) (4) and (5) 
This proves (3). Claims
s) is the normalized intertwining operator from I(s, χ) to I(−s, χ).
We end this section with a useful fact relating the local Weil index with the local root number. 
Proof. First notice that
So the identity does not depends on the choice of ψ.
. When F = R, ∆ < 0, and thus
When F is a p-adic field, we take ψ to be unramified.
is unramified over F , then one has by (2.7)
is ramified, then one has by (2.9)
The case of non-archimedean field of positive character is the same.
The main formula
Now we are back to the global situation and let the notation be as in the introduction. In particular, F is a totally real number field of degree d, and K = F ( √ ∆) is a totally imaginary quadratic extension 
We remark that Φ v is independent of the choice of ψ 
Proof. We first make a remark on the Fourier expansion and the local Whittaker function with respect to ψ. When t = 0, the t-th Fourier coefficient of an Eisenstein series E(g, s, Φ) is
Here the Haar measure d ψ v b on F v is chosen to be self-dual with respect to ψ v . The Haar measure db on F v used in Section 2 is chosen to be selfdual with respect to an unramified additive character, say ψ
Everything in (1) follows from the general theory of Eisenstein series except for the function equation, where one has
E(g, s, Φ) = E(g, −s, M (s)Φ).
For the rest of the proof, we denote Φ = Φ α,N . By the results in Section 2, and the above remark one has
otherwise.
Here we recall that
being as in the first formula for (α, N ) in Theorem 1.2. Here we used the fact that
This verifies the functional equation. The constant term of E
Here v i = Im(τ i ). In particular, For t ∈ F * , the t-th Fourier coefficient of E * (τ, 0, Φ) is given by
, by the results in Section 2. In such a case, one has by the same results in Section 2.
if v|N ,
On the other hand, decomposing a = v p ord v a v , one sees immediately that
Therefore, one has
. This verifies (3).
To verify (2) 
and c j = σ j (c) and so on.
Also note that Imγ
We also write the action of SL 2 (F A )
The proof of (2) is a standard shifting technique between finite and infinite primes. Indeed,
The last identity is due to the trivial but important fact that f (γg) = f (g) for any automorphic form f , γ ∈ SL 2 (F ), and g ∈ SL 2 (F A ). Now, the results in Section 2 imply
This verifies (2) . Finally, we verify the second formula for (α, N ). It is well-known ( [14] that
Elementary Proofs of Corollary 1.4: Since this corollary is so simple, we give two other simple proofs here. First, if K/F , i.e., χ is unramified at every finite prime, then the global root number χ is
as in the final part of the proof of the theorem. This is impossible and so K/F is ramified at some finite prime. The second proof is even simpler and is generously shown to me by David Rohrlich. Indeed,
So there is some finite prime v such that χ v (−1) = −1, which implies that K/F is ramified at v. Notice that the above argument actually proved a slightly stronger result: If K/F is a quadratic extension of number fields unramified at every finite prime, then the number of real primes of F which become complex in K is even.
We end this section with a simple fact complement to Corollary 1.4. 
is a totally real number field of degree d, and
is a totally imaginary quadratic extension of F unramified at every finite prime of F . Incidently, F is abelian over Q with Galois group Z/2 × Z/(d/2).
Unramified cases
In this section, we assume that K/F is unramified at every finite prime and take N = O F . So N = 1 in Theorem 1. 
is a holomorphic modular form of weight d for SL 2 (Z). Here q = e(τ ), and
Theorem 4.1 can be used to compute L(0, χ K/F ) and thus the relative class number h K /h F . Indeed, they are related by (see for example [15] 
Here h K and h F are ideal class numbers of K and F respectively, and µ K is the group of roots of unity in K and
be the classical Eisenstein series of weight k, where B k is the Bernoulli numbers, and
be the cusp form of weight 12 for SL 2 (Z). Siegel proved in [13] page 90 the following proposition. 
. Then K is a totally imaginary quadratic extension of F which is unramified at every finite prime of F . So, for r ≥ 2,
is a holomorphic modular form of weight 2 r for SL 2 (Z). 
totally imaginary quadratic extension of F unramified at every finite prime. If 4|d, then we obtain a holomorphic modular form of weight d for SL 2 (Z) given by
On the other hand, if d ≡ 2 mod 4, then for every t ∈ ∂
, the ideal t∂ F is a not a norm from K. (
(3) In both cases, the ratio
is independent of F or K. 
Similarly, we have 
a totally real number field of degree 12, and
is a totally imaginary quadratic extension of F , and so 
is a totally real number field (in fact, Galois over Q with Galois group Z/6 × Z/2), and
is a totally imaginary quadratic extension of F unramified at every finite prime. So f K/F (τ ) is a holomorphic modular form of weight 12.
Real quadratic fields
In this section, we use Theorem 1.3 to give three different ways to construct modular forms of weight 2 via CM quartic fields. Biquadratic fields give modular forms of level N with the trivial character. Nonbiquadratic fields give modular forms of level N with the Dirichlet character ( N ). The first construction is very close in essence to the one constructed by Hecke and is given in Theorem 1.7, which we restate here for the convenience of the reader. 
is a holomorphic (elliptic) modular form of weight 2 for Γ 0 (N ) with the trivial Nebentypus character, where
Proof. Since K/F is unramified at every finite prime, α in Theorem 1.3 does not appear, we denote α = 1 in such a case. So
by assumption. Notice that ∂ F = √ DO F , and thus
Now the proposition follows immediately from Theorem 1.3.
Notice that if N = N 1 d for some rational positive integer d then it is clear from the theorem
is an old form, while f d 1 ,d 2 ,N 1 is a modular form of weight two for Γ 0 (N 1 ) with N 1 Z = N 1 ∩ Z. Recall that when N is a prime number, there is exactly one (up to scalar) Eisenstein series of weight 2 for Γ 0 (N ), given by 
). 
is a holomorphic modular form of weight 2 for Γ 0 (N ) with the trivial Nebentypus character, where
Proof. In Theorem 1.3, we choose α
Using (5.4), Theorem 1.3 gives in this case the modular form of weight 2, level N , and characterχ
So f D,β,N is a modular form of weight 2, level N , and characterχ, whereχ
We need to proveχ = 1. This follows from the following lemma. Finally, we come to the non-biquadratic case. We first recall an easy lemma from [3] , Appendix, where a more general situation is considered. 
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